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Prostate-specific antigen (PSA) is an enzyme pro-
duced by both normal and cancerous prostate epithe-
lial cells. Although PSA is the most widely used serum
marker to detect and follow patients with prostatic
adenocarcinoma, there are certain anomalies in the
values of serum levels of PSA that are not understood.
We developed a mathematical model for the dynamics
of serum levels of PSA as a function of the tumor
volume. Our model results show good agreement with
experimental observations and provide an explana-
tion for the existence of significant prostatic tumor
mass despite a low-serum PSA. This result can be very
useful in enhancing the use of serum PSA levels as a
marker for cancer growth. (Am J Pathol 2001,
158:2195-2199)

Prostate-specific antigen (PSA) is a proteolytic enzyme
that is used widely as a tumor marker for the diagnosis of
prostate cancer and for monitoring patients with prostatic
adenocarcinoma. PSA is produced by normal human
prostate secretory epithelial cells and by virtually all pros-
tatic adenocarcinomas.’™® The serum concentration of
PSA correlates with the age of the patient, with the size of
the prostate in men without demonstrable prostate carci-
noma, with the volume of carcinoma in men with both
primary and metastatic prostate carcinoma,’ and with the
stage of prostate cancer.®* The presumed mechanism
for the observation that serum PSA levels in men with
prostate carcinoma are significantly higher, on average,
than levels in men without carcinoma demonstrable by
prostate needle biopsies is that PSA leaks from malignant
cells and glands into the interstitium and thence into the
blood instead of being confined to the ductal excretory
system.

However, the correlation between serum PSA and the
volume of cancer is poor and the variance is high in
patients with prostate carcinoma. Because of the high
variance, several modifications have been proposed to
improve the diagnostic accuracy of serum PSA levels.
These maodifications include the use of age-specific ref-
erence ranges, PSA density, PSA velocity, and assays
that specifically measure the different molecular forms of
PSA.%® PSA density is the serum PSA value divided by
the ultrasound-determined volume of the prostate.® PSA
velocity is the rate of increase in serum PSA concentra-
tions throughout time.”® The molecular forms of PSA that
are produced in different ratios in patients with prostate
cancer than in those without demonstrable cancer in-
clude complexed PSA and free PSA. However, the pros-
pect that these modifications of PSA assays would pro-
vide more reliable markers of prostate cancer than a
simple serum PSA assay has not yet been convincingly
demonstrated.®®

One approach to understanding the contribution of
potential independent variables to predict the serum PSA
concentrations in individual patients would involve corre-
lation of the volume of prostate carcinomas with serum
PSA values throughout time. This approach would entail
measuring the volume of carcinoma in prostates in men in
vivo. Unfortunately, the volume of carcinoma in the human
prostate cannot be accurately measured in vivo. Imaging
techniques such as ultrasound were first thought to be
tools that could identify carcinoma in vivo. This prospect
has not been realized. The correlation coefficient be-
tween ultrasound-determined volume of cancer and patho-
logically measured volume is as low as 0.1.° The difficulty of
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determining the volume of prostate cancer is also reflected
in the correlation between location and volume of cancer in
needle biopsies and in the radical prostatectomy specimen.
Sampling of individual prostates by needle biopsies is too
poor to provide an accurate assessment of cancer volume
in individual prostates; correlation coefficients as low as 0.5
have been reported.’®

We hypothesized that differences in growth rates of
prostate cancers could help explain the variance in cor-
relations of serum PSA concentrations with tumor size.
Because the volume of human prostate cancer cannot be
determined in patients with accuracy, we worked with
xenografts of human prostate cancers in immunocompro-
mised mice. We developed a mathematical model that
accounted for the contribution of independent variables
to the size of the xenograft and the serum level of PSA.

Methods

To better understand the relationship between serum
PSA and the rate of tumor growth, we have developed a
mathematical model for serum PSA dynamics that is
based on studies of xenografts of human prostate carci-
noma implanted in severe combined immunodeficiency
(SCID) mice.

Development of Xenografts

Details of the xenografts and the method for generating
them have been previously published.’ In brief, the
LuCaP 23 series of prostate carcinoma xenografts came
from a 63-year-old white male donor diagnosed with ad-
vanced prostate cancer.®'" The patient was treated with
external beam radiation therapy to the pelvis, chemother-
apy, and hormone therapy.>'" The tumor progressed
after hormone ablation therapy. Samples of tumor were
removed in a sterile manner from two lymph nodes and a
liver metastasis and implanted into SCID mice. Three
distinct sublines of these xenografts have been estab-
lished and serially passaged through at least three gen-
erations of SCID mice. These xenografts, which have
distinctive functional properties, are termed LuCaP 23.1,
23.8, and 23.12, respectively. Histologically, all three
xenografts are adenocarcinomas. They differ with re-
spect to growth rate in both androgen-deprived and an-
drogen-supplemented host mice.

PSA Assays

Serum PSA and xenograft volume data were collected
weekly. To measure the concentration of human PSA in
the blood of mice with xenografts, 0.2 ml of whole blood
were removed from the tail vein by capillary pipette. After
centrifuging to separate the serum from the blood cells,
the serum sample was analyzed for PSA using an indirect
enzyme-linked immunosorbent assay. This assay is spe-
cific for human PSA. The blood of mice lacking xeno-
grafts of human prostate tissue, either benign or malig-

nant, have no detectable PSA. This assay detects
concentrations of PSA as low as 0.05 wg/ml.""

Anatomy of Xenografts

Being located subcutaneously as spherical tumor
masses, the size of xenografts can readily and accurately
be measured using calipers opposed to the skin on either
side of the xenograft. Histologically, the structure and cell
composition of different xenografts is virtually identical,
regardless of the size, growth rate, or androgen sensitiv-
ity of the xenograft. The majority (>95%) of cells are
prostate carcinoma. Host mouse inflammatory, stromal,
and vascular cells represent =5% of cells in the tumors.

Results
Mathematical Model

Our mathematical model for serum PSA dynamics can be
written, in words, as the conservation equation: the rate of
change of PSA equals the source of PSA from benign
cells plus the source of PSA from cancer cells minus the
loss of PSA from the blood.

Rate of change of PSA =
source of PSA from benign cells
+ source of PSA from cancer cells
— loss of PSA from the blood

To introduce the relevant parameters, we write the model
mathematically as

dp
a:Bhvh+BcV07'ypv (1)

where p(t) is the serum PSA level at time t, V,, and V_ are
the volumes of benign and cancerous PSA-producing
cells, respectively. Initially, at time t = 0, we assume the
serum PSA level is po. We assume that PSA is produced
by benign and cancerous cells at the rate B, and B,
respectively. Cancer cells leak much more PSA than
benign cells so B, is much smaller than B.: B, << B.. We
assume that PSA is metabolized and cleared from the
blood of both humans and mice with xenografts at ap-
proximately the same constant rate v.

For our analysis, we assume that the total volume of
benign (noncancerous) PSA-producing cells is constant
(V,, = constant) in men with prostate carcinoma and that
the total tumor cell population increases exponentially in
both patients and in tumor xenografts. Because we will
compare the model results to experimental data received
from xenografts in mice, we assume that an initial tumor
volume V, is implanted in the mouse and that at some
future time, t, the total tumor volume V is defined by the
equation V_(t) = V, e”* where p is the tumor growth rate
such that In (2)/p is the tumor doubling time. Because we
are considering data from mice, we assume that the initial
serum PSA level, p,, is zero.

Figure 1 shows the range of behavior that is possible
under the proposed mathematical model. Given expo-
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Figure 1. Range of behavior of PSA production given exponential tumor growth. The PSA level (solid line) can either increase significantly in sequence with
tumor growth (a, dotted line) or appear delayed depending on the parameter p defined as the ratio of the loss rate of PSA, vy, and the growth rate of the cancer

mass, p (b).

nential tumor growth (dotted line), serum PSA levels (sol-
id lines) can either increase concurrently with the tumor
volume as in Figure 1a or appear delayed until significant
tumor volume has accrued as in Figure 1b. The param-
eter differentiating these two scenarios is w, the ratio of
the PSA loss rate, v, to the tumor growth rate, p. When u
is large, the serum PSA level increases with tumor volume
(Figure 1a). Otherwise, there is an apparent lag between
tumor growth and elevated serum PSA levels (Figure 1b).

Figure 2 shows serum PSA level predicted by the
model for a tumor of given volume V versus the tumor
growth rate. For any given tumor volume V, the serum
PSA level varies with the growth rate. Two tumors diag-
nosed at the same volume (V) can manifest very different
serum PSA levels depending on the length of time it took
them to grow to volume V.

Fixed Tumor Volume V

Serum PSA (p)

Tumor Growth Rate {p)

Figure 2. Serum PSA level, p, for a fixed tumor volume V versus the tumor
growth rate p. For a given tumor volume, a wide range of serum PSA levels
can be observed depending on the length of time it took the tumor to grow
to volume V.

Comparison with Experimental Data: LuCap 23

Extensive analysis of the three different xenografts of
LuCaP 23 in laboratory mice by Ellis and colleagues™”
provides experimental results for comparison with our
model predictions.
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Figure 3. Experimental observations of LuCaP 23 tumor volume (mm?) and
serum PSA levels (ng PSA per ml of serum) in xenografts with model
predictions versus time (in days). a, ¢, and e: Tumor volumes for LuCaP 23.1,
23.8, 23.12, respectively. b, d, and f: Serum PSA levels for LuCaP 23.1, 23.8,
23.12, respectively.
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Figure 4. PSA index, the ratio of the serum PSA level, p, to the tumor volume,
V., versus the tumor volume, V..

Untreated Tumor Growth and Serum PSA
Levels

The LuCaP 23 xenograft cell sublines were implanted into
10 male (nude) mice. Tumor volume and serum PSA data
are shown in Figure 3 as previously reported by Ellis and
colleagues. ' The circles in Figure 3 represent the mean
experimental values at each time point with standard
deviations defined by the bars attached to the data
points. Linear regression analysis of the log of tumor
volume versus time revealed tumor growth rates p of
0.0655, 0.0504, and 0.0487 (1/day) for LuCaP 23.1, 23.8,
and 23.12, respectively. The fit of the exponential growth
curves to the experimental data are given in Figure 3; a,
c, and e.

To predict the serum PSA levels as a function of time
given the tumor growth characteristics of a specific sub-
line, we need estimates of the PSA loss rate, vy, and the
production rate of PSA per unit volume of cancerous cells
per unit time, B.. We do not need to know the production
rate of PSA per unit volume of normal human prostate
cells per unit time B, because there are no normal human
PSA-producing prostate cells in the mice with xenografts.

Ellis and colleagues” cite a mean PSA half-life of 12.9
hours for the LuCaP 23 studies described above. We
convert this half-life to a PSA decay rate as y = log(2)/
12.9 hours = 0.0537/hour = 1.2896/day. To calculate the
production of PSA per unit volume of tumor tissue per unit
time, B, we consider Figure 4 suggesting that the ratio of

Table 1. Parameter Estimates for the LuCaP 23 Experiments

the serum PSA (p) to the tumor volume (V) is asymptotic
to a constant for large tumor volumes:

p B

Vo pty

Ellis and colleagues™ term this ratio of the serum PSA
level, p, and the tumor growth rate p the PSA index and
cite estimates of 1.27, 1.63, and 5.21 ng/ml/mm? for
LuCaP 23.1, 23.8, and 23.12, respectively. We then ob-
tain estimates for B, by the formula

B.~ (p+ ) PSA index

We tabulate the LuCaP 23 series parameter estimates in
Table 1. Using these estimates, we plot serum PSA levels
predicted by the model in Figure 3, b, d, and f. Note that
although the serum PSA level seems to increase expo-
nentially with tumor volume (V) for later times, the solu-
tion to Equation 1 for the xenograft case (V,,=0,0,=0):

Be B
= Ve—e ™M=
ity oty

p(t) (Voe —e™)

has a biexponential form that manifests a small bump
near t = 0 in the plots of the serum PSA levels in Figure
3,b,d and f.

Discussion

The mathematical model suggests that there could be an
apparent delay between tumor growth and PSA produc-
tion as illustrated by Figure 1. The model suggests that
this delay depends on the parameter u defined as the
PSA decay rate y normalized by the tumor growth rate p.
When w is small, the tumor growth rate is large compared
to the PSA decay rate and a large tumor could yield a low
serum PSA level, at least for a short time. Alternatively,
when u is large, the serum PSA level can increase sig-
nificantly in sequence with tumor growth.

Virtually invariably, serum PSA levels will increase to
clinically significant values for each tumor, assuming, of
course, that the patient survives sufficiently long for the
tumor to reach that critical volume. Because the serum
PSA level that is considered clinically significant is stan-
dardized by convention at 4 ng/ml, but the net prolifera-
tion rate of the tumor cells is quite variable, the model
suggests that there can be a large difference in the size
of tumors when using serum PSA levels as a screening
assay.

LuCaP LuCaP LuCaP

Parameter Symbol 23.1 23.8 23.12 Units
Tumor growth rate p 0.0655 0.0504 0.0487 1/day
Normal PSA production Bn 0 0 0 ng/mm?®/day
Cancer PSA production Be 1.7210 2.1841 6.9722 ng/mm?®/day
Decay rate of PSA (loss) y 1.2896 1.28966 1.2896 1/day
Implanted tumor volume Vo 20-25 20-25 20-25 mm?
Volume of benign PSA-producing cells Vi 0 0 0 mm?




To understand the distinction between the two cases of
w small or large, consider two tumors of volume V. Tumor
1 grows quickly and has attained its present volume V' in
1 unit of time. Alternatively, tumor 2 grows more slowly
and has taken 10 units of time to attain volume V. A cell in
slowly growing tumor 2 has been producing PSA for at
most 10 units of time. This is 10 — 1 = 9 units of time more
than any cell in tumor 1. This increased opportunity for a
cell in tumor 2 to produce PSA augments the serum PSA
level. Although the tumor 1 is the more rapidly growing
tumor, tumor 2 has been leaking PSA for a longer period
of time. The more slowly growing tumor 2 has an in-
creased opportunity to produce significant levels of PSA.

From the experimental data presented in Figure 3, we
see that PSA levels are related to tumor growth. We also
observed that a wide range of PSA levels is observed for
different cancers. There are, however, limitations to our
modeling approach. We have restricted our discussion to
the experimental data available from subcutaneous xeno-
grafts. These data presumably only approximate tumor
growth within the human prostate. Additionally, the
amount of tumor necrosis, cellular growth rates, and PSA
kinetic rates of xenografts could significantly differ from
values for these parameters in patients with primary pros-
tate carcinomas. Furthermore, in limiting our study to the
three available different sublines of prostatic tumors that
were derived from a single patient, we may not be mod-
eling the full range of clinical manifestations of prostate
cancer that occur in different patients.

Despite the numerous limitations, this model has led to
a better understanding of PSA chemistry and observa-
tions of temporal changes of serum PSA values in men
with prostate carcinoma that do not seem intuitive on first
reflection. Clinically, the fact that patients with large, rap-
idly growing tumors often have low levels of serum PSA
has been perplexing. Our model has devised a possible
explanation for the experimentally and clinically observed
disparity between tumor volume and serum PSA level.

This is a significant result because our model provides
validation that serum PSA does not predict tumor volume,
but is dependent to a significant degree on the growth
rate of the tumor. In Figure 2 we see that the serum PSA
level for a tumor with volume V can extend over a wide
range of possible values, depending on the net growth
rate of the tumor. That prostate cancers may differ mark-
edly in their growth rate has been demonstrated in pa-
tients. Although the rate of growth of primary tumors in
patients cannot be measured directly because they can-
not be imaged, as discussed above,® surrogate mea-
sures of growth show wide variance among primary pros-
tate carcinomas of the same stage. For example, the
percentage of cells in the S phase of the cell cycle ranges
from 0to 15%.'? The percentage of cells in the cell cycle,
which is a value that is obtained by counting the fraction
of cells immunohistochemically expressing the cell cycle
marker Ki67, ranges from 0 to 33%."'® There is a compa-
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rably wide range of rates of tumor cell death in different
tumors. Between 0.25 and 5.25 cells per day per cc
undergo apoptosis in different primary prostate carcino-
mas.'*

We have developed a mathematical model to describe
a possible mechanism for serum PSA levels as a function
of tumor volume. In fact, our simple model has suggested
why a rapidly growing tumor does not predictably lead to
an increased PSA level. We are optimistic that further
mathematical modeling will help quantify these results
and assist in determining the best measurement of PSA
to be used to indicate tumor growth.
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